The present work is concerned with the flexural analysis of single layer orthotropic, two-layer antisymmetric and three-layer symmetric laminated beams subjected to uniformly distributed thermo-mechanical loads. The thermal load is varying linearly across the thickness of laminated beams. A combination of uniformly distributed thermal load with uniformly distributed transverse mechanical load is taken into consideration for the flexural analysis of laminated beams. A sinusoidal shear deformation theory is used. The displacement field of theory consists of sinusoidal function in terms of thickness co-ordinate to include the shear deformation effect. Governing equations and boundary conditions of theory are obtained by using the principal of virtual work. The theory obviates the need of shear correction factor and satisfies the shear stress free conditions at the top and bottom of the beam. Stresses and displacements in orthotropic, antisymmetric and symmetric cross ply laminated beams are obtained by using sinusoidal shear deformation theory. The results obtained by present theory are compared with Timoshenko beam theory, classical beam theory and also with the results which are available in the literature wherever possible.
Several theories exist in literature for the flexural analysis of composites structures. They have been extended to thermoelastic problems as well. Classical laminate beam theory (CBT) presented by (Tanigawa et al. 1989 ) is based on the Euler-Bernoulli hypothesis and leading to inaccurate results for moderately thick beams, because transverse shear strains are neglected. The first order shear deformation theory of (Mindlin, 1951) when applied to beams is known as Timoshenko beam theory (TBT). The transverse shear strains are assumed to be constant along the thickness of laminates; hence transverse shear stresses remain constant along the thickness of laminates and stress-free boundary conditions are not satisfied at the top and bottom of the laminates. Further, it requires a shear correction factor to obtain the correct stresses and displacements. In the present work, a shear correction factor of 5/6 has been used.
A higher order shear deformation theory takes into account transverse shear strains and obviates the need of shear correction factor. A non-constant polynomial expression for the out of plane displacement is considered by (Kant et al. 1997 ) with a higher order theory. An exponential function has also been used by (Soldatos et al. 1997 ) with higher order theory. All these studies have a displacement-based approach. On the basis of mixed formulations, other approaches are formulated and presented by (Carrera, 2000b) . A finite element model is also applied to beams by using higher order shear deformation theory and presented by (Kant et al. 1988) . A thermoelastic solution of linear uncoupled thermo-elasticity has been presented for certain problems of flexure of composite laminates by (Bhaskar et al. 1996) . Both mechanical and thermo-mechanical tests for thin and thick beams are presented by (Philippe et al. 2009 ) in order to evaluate the capacity of newly developed three node beam finite elements including transverse and normal effects in the analysis of laminated beams. This work focuses on the necessity to take into account the transverse normal stress, especially for thick beams. Within the framework of thermal problems, different approaches have been developed; including mixed formulations presented by Tessler et al. (2001) and displacement based developed by Ali et al. (1999) .
The higher order shear deformation theories with sinusoidal functions in terms of thickness coordinates to include thickness effect are termed as trigonometric or sinusoidal shear deformation theories. Trigonometric shear deformation theory has been developed by Touratier (1991) . Various problems of plates have been investigated including bidirectional bending when acted upon by mechanical and thermal load. Thermal stresses and displacements for orthotropic, antisymmetric and symmetric laminates subjected to nonlinear thermal load using trigonometric shear deformation theory have been presented by . This paper includes bidirectional bending of plates. A closed form solution to assess multilayered plate theories for various thermal stress problems is presented by (Carrera et al. 2004 ). This work is the further development of two-dimensional modelling in thermal stress analysis of multilayered composite plates. Various equivalent single layer and layerwise theories for laminated plates subjected to mechanical load are critically discussed by Ghugal et al. (2002) . An assessment of mixed and classical theories for the thermal stress analysis of orthotropic multilayered plates has been presented by Carrera, (2000a) .
However, it has been observed from the literature review that the trigonometric shear deformation theory is not fully explored for the one-dimensional analysis of laminated composite beams subjected to combined thermal and mechanical loadings. Hence, a sinusoidal shear deformation theory (SSDT) is applied for the flexural analysis of laminated composite beams subjected to combined uniformly distributed thermo-mechanical loadings and the results are presented for the first time in the literature.
The aim of this paper is to develop a mathematical model of sinusoidal shear deformation theory including shear deformation effect, to obtain accurate flexural response of laminated composite beams subjected to combined thermal and mechanical loadings. This is an equivalent single layer theory for the evaluation of displacements and inter-laminar stresses in composite laminated beams. The necessity to consider the transverse shear stress especially for thick beam in thermal conditions has been studied in this work.
The results of displacement and stresses obtained by sinusoidal shear deformation theory (SSDT) are compared with those of classical beam theory (CBT), Timoshenko beam theory (TBT), and other refined theories. The results of pure thermal load are compared with exact elasticity solutions.
Mathematical formulation
The mathematical formulation of present sinusoidal shear deformation theory for laminate composite beam is based on certain kinematical and physical assumptions. The governing equations and boundary conditions are obtained by using principal of virtual work. The Navier solution has been employed to develop the analytical solution for the simply supported boundary conditions.
A laminated beam under consideration:
The geometry of beam is as shown below. 
The beam has a rectangular uniform cross section of height h and width b and is assumed to be straight. The beam is made up of N number of layers and each layer may be assumed to be made up of orthotropic material. The width b along y axis is very small as compared to length a along x axis. The z direction is assumed to be positive in the downward direction. The upper 
Assumptions made in mathematical formulation
The present sinusoidal shear deformation theory is based on following assumptions:
1. It is assumed that, the width of the beam b along y axis is very small as compared to length a along x axis while it is simply supported at its edges 0 x  and xa  .
2. The displacement component u is the inplane displacement along x axis and w is the transverse displacement in z direction.
3. Since the theory has been applied to laminated beam, the displacement along y direction ( v ) is assumed to be zero. 
u is the middle surface displacement in x direction known as extension component.
b) The bending component b u is assumed to be analogous to the displacement given by classical laminate theory.
c) The shear component is assumed to be sinusoidal in nature with respect to thickness coordinate, so that maximum shear stress occurs at neutral plane and zero at top and bottom surfaces of the beam.
6. The transverse displacement w in z direction is assumed to be a function of x coordinate only.
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7. The laminated beams are subjected to pure thermal load as well as a combination of uniformly distributed thermal and mechanical load. 8. The body forces are ignored in the thermo-mechanical analysis of laminated beam.
The assumptions made in this theory for 1D thermal flexural analysis of cross ply laminated beams are deduced from the 2D trigonometric shear deformation theory developed by Ghugal and Kulkarni (2013a, b) for thermoelastic analysis of laminated plates. The sinusoidal function introduced into the kinematics of theory is strongly based on theory of elasticity.
Kinematics of sinusoidal shear deformation theory
Based on the before mentioned assumptions the kinematics of sinusoidal shear deformation theory (SSDT) for beam is expressed as follows:
Here,   , u x z is the axial displacement in x direction and   wx is the transverse displacement in the z direction.   0 ux is the centre line displacement and is the function of x only. The shear slope  is also a function of x only. The trigonometric function in thickness coordinate considers the shear deformation effects and the displacement field of the theory represents a better kinematics. The kinematics of the theory enforces to satisfy shear stress free boundary conditions on top and bottom surfaces of the beam with realistic variation across the thickness.
Strain-displacement relationship
Within the framework of linear theory of elasticity, the normal and shear strains are obtained as follows.
Constitutive relations
The thermo-elastic stress-strain relationships for laminated beam can be written as; 0 11 0 55
are the reduced stiffness coefficients as given below.
where, E is Young's modulus, G is shear modulus, ij  are Poisson's ratios and x  is the coefficient of thermal expansion in x direction.
Temperature distribution
The temperature distribution across the thickness of laminated beam is assumed to be in the form as given below.
In the above equation,
T is the temperature change from a reference state which is a function of 
Governing equations and boundary conditions
The governing equations and boundary conditions are derived by using principle of virtual work. The principal of virtual work states that of all possible displacements that satisfy the given conditions of constraints, that system which is associated with equilibrium makes the value of sum of potential energy of the prescribed external forces and the potential strain energy of the internal stresses maximum and in the case of stable equilibrium a minimum. The principle of virtual work when applied to the laminated beam leads to:
The governing equations of equilibrium can be derived from the above equation (13) 
The associated boundary conditions are as follows: 
where the stiffness coefficients , ,....
AB ij ij
etc are defined as follows:
For orthotropic and three-layer symmetric laminated beam , , 0 and 0 11 11 11 0 B TB SB u  . 
Application of theory
To assess the performance of the sinusoidal shear deformation theory when applied to laminated beams subjected to thermal load and combined thermo-mechanical load, a simply supported orthotropic (0 0 ), antisymmetric (0 0 /90 0 ) and symmetric (0 0 /90 0 /0 0 ) cross ply laminated beams are considered. The material properties of high modulus Graphite-Epoxy orthotropic layer are taken from Philippe et al. (2009) and Bhaskar et al. (1996) . The material properties are as follows:
172.4GPa, 6.895 GPa, 3.448 GPa,
where L refers to the fiber direction, and T refers to the transverse direction.
and LT  are the thermal expansion coefficients in the fiber and normal direction.
To assess the effectiveness of the present theory, numerical investigations have been carried out for following examples with different configurations and the material properties as mentioned above.
Example 1: A single layer orthotropic beam (0 0 ) subjected to sinusoidal and uniformly distributed pure thermal load is considered for thermal bending analysis (Table 1) .
Example 2: A two-layer antisymmetric laminated beam (0 0 /90 0 ) subjected to sinusoidal and uniformly distributed pure thermal load is taken in to consideration for thermal analysis (Table  2) . (Table 3) .
Example 4: An orthotropic beam (0 0 ) subjected to uniformly distributed thermal load in combination with uniformly distributed transverse mechanical load is taken in to consideration for thermo-mechanical bending analysis (Table 4) .
Example 5: A two-layer antisymmetric laminated beam (0 0 /90 0 ) subjected to uniformly distributed thermal load in combination with uniformly distributed transverse mechanical load is taken into consideration for thermo-mechanical flexural analysis (Table 5) .
Example 6: A three-layer symmetric laminated beam (0 0 /90 0 /0 0 ) subjected to uniformly distributed thermal load in combination with uniformly distributed transverse mechanical load is taken into consideration for thermo-mechanical flexural analysis (Table 6 ).
Navier solution
Following are the boundary conditions used for simply supported laminated composite beam along the edges 0 and 
In which 0 T and 0 q are the intensities of thermal and mechanical load respectively. Substitution of equations (26), (27), (28) and (29) in to governing equations (14), (15) and (16) leads to the set of algebraic equations which can be written in matrix form as follows. 2 2  3 3  2 2  2  11  11  11  2  3  2  0  11  0  3 3  4 4  3 3  2 2  2  11  11  11  0  11  3  4  3  2   2 2  3 3  2 2  2  0  11  11  11  11  55  2 3 2
Solving the above set of algebraic equations, the values of , and 0 uw m m m  can be obtained.
Having obtained the values of , and 0 uw m m m  one can then calculate all the thermal displacements and stresses within the beam by using equations (6), (7), (8), (9) and (10).
Transverse shear stresses are obtained by integrating equilibrium equations   EE zx  of theory of elasticity with respect to the thickness coordinate, satisfying shear stress free conditions at the top and bottom surface of the laminated beam and which ascertains the continuity of transverse shear stress at the layer interface. This relation can be expressed as given below.
The constant of integration can be obtained from appropriate boundary conditions. It is expected that this relation will produce accurate transverse shear stresses.
Numerical results
In this paper, displacements and stresses are obtained for single layer orthotropic beam (0 0 ), twolayer antisymmetric beam (0 0 /90 0 ) and three-layer symmetric laminated beam (0 0 /90 0 /0 0 ) with simply supported boundary conditions and subjected to pure thermal load as well as combined thermo-mechanical loads for various aspect ratios   S . The numerical results for single layer orthotropic beam (0 0 ) subjected to pure thermal load are presented in following normalized forms for the purpose of discussion (Table 1) . The numerical results for two-layer antisymmetric laminated beam (0 0 /90 0 ) subjected to pure thermal load are presented in following normalized forms for the purpose of comparison and discussion (Table 2) . Table 2 . Normalized displacements and stresses in antisymmetric laminated cross ply beam subjected sinusoidal and uniformly distributed thermal load (Example 2)
The numerical results for three-layer symmetric laminated beam (0 0 /90 0 /0 0 ) subjected to pure thermal load are presented in following normalized forms for the purpose of discussion (Table  3) . Table 3 . Normalized displacements and stresses in symmetric laminated cross ply beam (0/90/0) subjected sinusoidal and uniformly distributed thermal load (Example 3)
The numerical results for single layer orthotropic beam (0 0 ) subjected to uniformly distributed combined thermo-mechanical load are presented in following normalized form for the purpose of discussion (Table 4) Table 4 . Normalized displacements and stresses in orthotropic beam (0 0 ) subjected to uniformly distributed thermal load in combination with uniformly distributed transverse mechanical load (Example 4)
The numerical results for two-layer antisymmetric laminated beam (0 0 /90 0 ) subjected to uniformly distributed combined thermo-mechanical load are presented in following normalized form for the purpose of discussion (Table 5) It has been observed that, the axial displacements obtained by sinusoidal shear deformation theory, Timoshenko beam theory and classical beam theory are identical irrespective of the aspect ratios in case of pure thermal load. The through thickness variation of axial displacement for single layer orthotropic beam under pure thermal load is shown in Fig. 3 for aspect ratio 4. The combined thermo-mechanical loads found to yield different values of this displacement with different aspect ratios as shown in Table 4 . The through thickness variation of axial displacements under combined thermo-mechanical loads is shown in Fig. 12 for aspect ratio 4.
Two-layer 0 0 /90 0 beam:
The results of axial displacement along x axis obtained by sinusoidal shear deformation theory (SSDT) are in good agreement with the results obtained by Timoshenko beam theory (TBT) and classical beam theory (CBT) for aspect ratios 4, 10 and 100 ( Table 2 ). The percentage error when compared with exact elasticity solution reduces as aspect ratio changes from 4 to 10 and found to be 11.14 % for aspect ratio 10. Further, this percentage error reduces to 2.59 % for aspect ratio 100. The through thickness variation of axial displacement under sinusoidal thermal load is as shown in Fig. 5 for aspect ratio 4. The results of axial displacement obtained by sinusoidal shear deformation theory (SSDT) for aspect ratio 4 under uniformly distributed thermal load increases slightly when aspect ratio changes from 4 to 10, whereas the results obtained by TBT and CBT are independent of aspect ratio. The shear deformation effect has been observed in the result shown by SSDT. The results of axial displacement obtained by SSDT, TBT and CBT for aspect ratio 100 are in good agreement with each other. The effect of shear deformation has been observed when acted upon by combined thermo-mechanical loads as shown in Table 5 . The through thickness variation of axial displacement under combined thermo-mechanical loads is shown in Fig. 15 for aspect ratio 4 which shows slight deviation of SSDT as compared to TBT and CBT. The results of axial displacement in three-layer laminated beam subjected to sinusoidal, uniformly distributed pure thermal load and combined thermo-mechanical loads are shown in Table 3 and  Table 6 , respectively. It has been observed that axial displacements obtained by Timoshenko beam theory and classical beam theory have identical values and are independent of aspect ratios, whereas the results of axial displacements obtained by sinusoidal shear deformation theory (SSDT) changes as aspect ratio changes from 4 to 100. The through thickness variation of axial displacements under pure thermal load and combined thermo-mechanical load is shown Figs. 9 and 18 respectively. These figures show the realistic variation obtained by sinusoidal shear deformation theory (SSDT) indicating the shear deformation effect under pure thermal load and combined thermo-mechanical loads.
Transverse displacement   The results of transverse displacements for three-layer symmetric laminated beam under pure thermal load are shown in Table 3 . It is observed that the results obtained by Timoshenko beam theory (TBT) and classical beam theory (CBT) have identical values for all aspect ratios whereas the transverse displacement obtained by present theory increases as aspect ratio increases from 4 to 100, this shows the effect of shear deformation. The results of transverse displacement under combined thermo-mechanical loads are presented in Table 6 . A considerable difference has been observed in the results of SSDT and TBT for aspect ratio 4 under combined thermo-mechanical load. This effect is due to additional mechanical load. The results of axial normal stress for orthotropic beam when subjected to pure thermal load are presented in Table 1 . It has been noted that the results obtained by present theory, Timoshenko beam theory and classical beam theory under pure thermal load are zero. That is no bending stresses are developed due to pure thermal load. It means the effect of pure thermal load on bending of orthotropic beam is negligible. The effect of mechanical load has been observed when an orthotropic beam is acted upon by combined thermo-mechanical load as shown in Table 4 . The through thickness variation of these stresses under combined thermo-mechanical load is shown in Fig. 13 for aspect ratio 4 indicating the effect of mechanical load alone.
Two-layer 0/90 beam:
The results of axial normal stress for two-layer laminated beam when subjected to pure thermal load are presented in Table 2 . The results of axial normal stress for two-layer laminated beam obtained by sinusoidal shear deformation theory (SSDT) show 6.4 % error when compared with exact elasticity solution and the effect of shear deformation has been observed for aspect ratio 4. A notable change has been observed in the results obtained by SSDT when aspect ratio changes from 4 to 10 and 10 to 100, whereas the results obtained by TBT and CBT remains same even though aspect ratio changes from 4 to 10 and 10 to 100. It is noted that the results of axial normal stress evaluated by SSDT increase with increase in aspect ratio from 4 to 100 under sinusoidal thermal load and decrease in this stress is observed in case of uniformly distributed thermal load with increase in aspect ratio from 4 to 100. The percentage error between sinusoidal shear deformation theory (SSDT) and exact elasticity solution for aspect ratio 10 is found to be 2.2 % which further decreases to 0.75 % for aspect ratio 100. The through thickness variation of normal stress across the thickness of laminated beam is as shown in Fig. 6 for aspect ratio 4 under sinusoidal thermal load with change in direction. These stresses under combined thermomechanical load are presented in Table 5 . The results of axial normal stress obtained by present theory show considerable difference when compared with the results of Timoshenko beam theory and classical beam theory for aspect ratio 4 under uniformly distributed combined thermomechanical load. The through thickness variation of these stresses under combined thermomechanical load is shown in Fig. 16 for aspect ratio 4. The variation of this stress shows the notable deviation from classical beam theory.
Three-layer symmetric laminated 0/90/0 beam:
The results of axial normal stress for three-layer symmetric laminated beams subjected to pure thermal load and combined thermo-mechanical load are presented in Tables 3 and 6 
Two-layer 0/90 beam:
The results of transverse shear stress for two-layer laminated beam subjected to pure thermal load are shown in Table 2 for various aspect ratios. Transverse shear stresses are obtained by integrating the equations of equilibrium from theory of elasticity. This satisfies the shear stress free boundary conditions on the top and bottom surfaces of laminated beam. The results of transverse shear stress obtained by sinusoidal shear deformation theory (SSDT) show shear deformation effect for aspect ratio 4 under sinusoidal and uniform thermal load. The through thickness variation of transverse shear stress is as shown in Figs. 7 and 8 under sinusoidal and uniform thermal loads, respectively. The continuity of stress has been observed at the interface with reversal of sign under sinusoidal and uniform thermal load. It is noted Timoshenko beam theory (TBT) and classical beam theory (CBT) underpredicts these stresses under uniform thermal load as shown in Fig. 8 for aspect ratio 10. The results of transverse shear stress for twolayer laminated beam when subjected to combined thermo-mechanical loads are shown in Table  5 . It has been noted that transverse shear stresses obtained by TBT and CBT have identical values for aspect ratios 4 and 10, whereas the results of transverse shear stress obtained by SSDT show the effect of additional mechanical load. The through thickness variation of this stress is shown in Fig. 17 for aspect ratio 4 under combined thermo-mechanical loads.
Three-layer symmetric laminated 0/90/0 beam:
The results of transverse shear stress for three-layer symmetric laminated beam subjected to pure thermal load are shown in Table 3 . A considerable difference has been noted in the results obtained by SSDT, TBT and CBT for aspect ratios 4 and 10. The effect of shear deformation has been observed in the result obtained by SSDT for thick beam under pure thermal load. The shear stress free boundary conditions are observed. In case of combined thermo-mechanical loads, the effect of additional mechanical load has been observed and shown in Table 6 for various aspect ratios. The through thickness variation of theses stresses under pure thermal load and combined thermo-mechanical loads are shown in Figs. 11 and 20 , respectively. In case of thermomechanical load shear stress distribution deviates considerably with change in sign as compared to the distribution in case of pure thermal load.
Conclusions
In this article, a numerical model of sinusoidal shear deformation theory has been presented to investigate the thermal and thermo-mechanical response of single layer orthotropic, two-layer antisymmetric and three-layer symmetric cross ply laminated beams subjected to pure thermal load and combined thermo-mechanical loads for different aspect ratios. Special attention is pointed towards the transverse shear stresses, which plays an important role in thick beams. This study shows the necessity of taking in to account the transverse shear effect which cannot be neglected, particularly in thermal problems of laminated beams. It has been observed that the Timoshenko beam theory and classical beam theory underpredicts the transverse shear stress and overpredicts the transverse displacement for thick beam. The effect of shear deformation has been observed in the results of axial stress obtained by sinusoidal shear deformation theory for thick beam. Timoshenko beam theory and classical beam theory are observed to be suitable for thin laminated beams whereas sinusoidal shear deformation theory is suitable for thin as well as moderately thick laminated beam under pure thermal load and combined thermo-mechanical loads. Further, sinusoidal shear deformation theory obviates the need of shear correction factor and yields realistic displacements and stresses. Hence, the equivalent single layer sinusoidal shear deformation theory is strongly suitable for thick laminated beams under thermal environment.
